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Cyclic homology for Horn-associative algebras 

Mohammad Hassanzadeh, Ilya Shapiro* Serkan Siitlii 


Abstract 

In the present paper we investigate the noncommutative geometry of 
a class of algebras, called the Horn-associative algebras, whose asso¬ 
ciativity is twisted by a homomorphism. We define the Hochschild, 
cyclic, and periodic cyclic homology and cohomology for this class of 
algebras generalizing these theories from the associative to the Horn- 
associative setting. 
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1 Introduction 


Starting with a Lie algebraic approach to non-commutative geometry [331 
[32l 1^ . the guiding motivation behind a “non-associative geometry” is to 
extend the non-commutative formalism of the spectral action principle mi 
ElElttQ] to a non-associative framework. More specihcally, in an attempt 
to reformulate the Grand Unified Theories based on SU{5), S'O(IO) and Eq, 
it is pointed out in [6], and illustrated in [7], that in the ordinary approach 
to physics the basic input is a “symmetry group”, which is associative by 
nature, whereas in the spectral approach it is an “algebra”, which is not 
necessarily associative. 

On the other hand, the study of the differential geometry of quantum groups 
showed the lack of an associative differential algebra structure on the 
standard quantum groups, and hence the need for a non-associative geometry 
(differential geometry with non-associative coordinate algebras) for a full 
understanding of the geometry of quantum groups. The first step in this 
direction was taken in |T], generalizing the twisted cyclic cohomology of [20] 
to the setting of quasialgebras, in order to cover examples motivated by the 
Poisson geometry [2]. 

In the present paper we take up a similar analysis from the point of view of 
a different class of possibly non-associative algebras, called Horn-associative 
algebras, with the goal of extending the ordinary cyclic homology and coho¬ 
mology of associative algebras to the non-associative setting. 

The Horn-associative algebras first appeared in contexts related to physics. 
The study of g-deformations, based on deformed derivatives, of Heisenberg 
algebras, Witt and Virasoro algebras, and the quantum conformal algebras 
reveals a generalized Lie algebra structure in which the Jacobi identity is 
deformed by a linear map. These algebras first appeared in m m and 
they were called Horn-Lie algebras. The Horn-associative algebras were hrst 
introduced in [27] and were developed in [261 1211 IHl [251 |35l [36] . Briefly, a 
Horn-associative algebra A satishes the usual algebra axioms with the asso¬ 
ciativity condition twisted by an algebra homomorphism a : A ^ A. More 
precisely we have 

a{a){bc) = {ab)a{c) 

for all a,b,c ^ A. Thus with a = Id we recover the associative algebras as a 
subclass. 

With the goal of extending the formal deformation theory (introduced in [T3] 
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for associative algebras, and in [2S] for Lie algebras) to Horn-associative and 
Horn-Lie algebras, a cohomology theory for Horn-associative algebras was 
introduced in [26]. The hrst and the second cohomology groups of a Horn- 
associative algebra thus dehned were adapted to the deformation theory of 
Horn-associative algebras, and generalized the Hochschild cohomology of an 
algebra with coefficients in the algebra itself. 

The hrst and the second cohomology groups of [2S| were later analyzed more 
conceptually in [3] where the authors dehned a Hochschild cohomology for 
Horn-associative algebras (generalizing the ordinary Hochschild cohomology 
of an algebra with coefhcients in itself) with a Gerstenhaber bracket endowing 
the diherential complex with a graded Lie algebra structure. 

The purpose of the present paper is to extend the usual notions of cyclic 
homology and cohomology for associative algebras to the setting of Horn- 
associative algebras. The lack of associativity, as the hrst obstacle on the 
way to this extension, is partly overcome by restricting our scope to the 
multiplicative Horn-associative algebras. With this multiplicativity assump¬ 
tion, the presence or absence of a unit plays a very important role: the 
classes of naturally occurring examples are very diherent in havor. In par¬ 
ticular, the multiplicative unital Horn-associative algebras are very close to 
being associative. On the other hand, in the absence of a unit, one cannot 
dehne the Connes’ boundary map B [13], hence we do not have the {b,B)- 
complex interpretation of cyclic (co)homology. Similarly, since we cannot 
dehne (co)degeneracy operators, we cannot use the cyclic module approach 
of [12] to cyclic (co)homology. As a result, we focus only on dehning the cyclic 
(co)homology as a (co)kernel of Hochschild cohomology [13], and using the 
bicomplex approach of [29] . 

This requires a discussion of the Hochschild cohomology with coefhcients. 
We recall that the cyclic homology of an associative algebra A is given by 
the coinvariants of the Hochschild homology of A with coefhcients in A under 
the cyclic group action, whereas the cyclic cohomology of A is computed by 
the cyclic invariants of the Hochshild cohomology of A with coefhcients in 
the dual space A*. In the case of Horn-associative algebras, it is only the 
Horn-associative algebra A itself that has been considered as a coefficient 
space, by which a Hochschild cohomology theory was dehned in [3]. In the 
present paper, on the other hand, we dehne a Hochschild homology theory 
that can admit the Horn-associative algebra A itself as coefficients, and a 
Hochschild cohomology theory that can admit A* as a coefficient space. 

A rather surprising fact in the Horn-associative setting is that for a Hom- 
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associative algebra A, the dual space A* is not an ^-bimodule (in the sense of 
[231 Def. 1.5]) via the coregular action. Furthermore, modifying the coregular 
action by the homomorphism that twists the associativity does not fix this 
problem. One of the most natural options then is to impose further conditions 
on the Horn-associative algebra A so that A* becomes an ^-bimodule. For 
instance, if a G End(^) is an element of the centroid [12], then A* is an A- 
bimodule. The other option is to introduce a variant of A* as the coefficient 
space so that it becomes A* in the case when A is associative. This can be 
achieved by dehning 

A° = {f e A* \ f{xa{y)) = f{a{xy)) = f{a{x)y)} 

as we discuss below. In the case of an associative algebra A, we recall from 
[15] that it is precisely the Hochschild cohomology A*) with coefficients 

in A* that is equal to the space of the de Rham currents of dimension n when 
A = the algebra of smooth functions on a compact smooth manifold 

M. Hence, in order to capture the correct geometric data, we unify all of these 
methods in a Hochschild cohomology theory for a Horn-associative algebra 
A with coefficients in a new object which we call a dual module. 

The paper is organized as follows. In Section 2 we review the basics of Horn- 
associative algebras, in particular we study those having a in the centroid. 
We note for a Horn-associative algebra A that A* is not necessarily an A- 
bimodule, and thus we investigate the algebraic dual of a module over a 
Horn-associative algebra from the representation theory point of view. Fi¬ 
nally, we recall the basics of Hochschild and cyclic homology and cohomology 
for associative algebras. In Section 3 we introduce Hochschild homology of 
A with coefficients in a bimodule V. Then for V = Awe introduce the cyclic 
group action on the Hochschild complex, and define the cyclic homology 
of a multiplicative Horn-associative algebra A. Finally, we use the bicom¬ 
plex method to define the cyclic and the periodic homologies of A, and we 
show that the equivalency of the two definitions. In section 4 we define the 
Hochschild cohomology of A with coefficients in a new object V which we call 
a dual module. We dehne the cyclic group action on the Hochschild complex 
of A, with coefficients in the dual module A*, and hence the cyclic cohomol¬ 
ogy of A. Similar to the homology case, we use the bicomplex method to 
dehne the cyclic and periodic cyclic cohomologies of A, and we show that 
the two dehnitions agree. 

Notation: Throughout the paper all algebras are over a held. We reserve 
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the font A for associative algebras whereas for Horn-associative algebras we 
use A. All tensor products are over the held of the algebra in question. 

2 Preliminaries 

2.1 Horn-associative algebras 

In this subsection we recall the dehnition of a Horn-associative algebra, and in 
addition to basic examples, we study characterization results on the unitality 
and the embedding properties of Horn-associative algebras. 

Horn-associative algebra structures were introduced recently in [26], and then 
the theory was developed further to include Hom-coalgebras, Hom-bialgebras 
and Hom-Hopf algebras in [211 [Ml I2S1IM] , and even Hom-quantum groups 
in [Mj- We also refer to [131211 for the Lie-counterpart of the theory. 

Let us recall from [M] that a Horn-associative algebra is a triple {A, fi, a) 
consisting of a vector space A over a held /c, and /c-linear maps fi : A® A —> 
A that we denote by /i(a, h) =: ab, and a : A —> A satisfying the Horn- 
associativity condition 

a{a){bc) = {ab)a{c), (2.1) 

for any a,b,c ^ A. Horn-associative algebras generalize associative algebras 
in the sense that any associative algebra .4, is a Horn-associative algebra 
with a := Id^, the identity map. A Horn-associative algebra A is called 
multiplicative if for any a,b E A 

a{ab) = a{a)a{b). 

Example 2.1. Let A be any associative algebra with multiplication fi : 
A® A — >■ A, and \et a ■. A —> A be an algebra map. Then for //„ = a op : 
A —)■ A, the triple (4.,/io,a) is a multiplicative Horn-associative algebra 

H- 

Throughout the paper, by a Horn-associative algebra we mean a multiplica¬ 
tive Horn-associative algebra unless otherwise is stated. 

A Horn-associative algebra A is called unital if there is an element 1 E A 
such that la = a = al. Unital Horn-associative algebras hrst appeared in 
[Ml, see also [TB], and a classihcation of unital Horn-associative algebras is 
given in [M|- If a Horn-associative algebra A is unital, then for any a,b ^ A, 

a{a)b = aa{b) = a{ab). (2.2) 
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It follows from the multiplicativity of A that 

a{a)b = aa{h) = a{ah) = a{a)a{h) = a‘^{a)b, 
from which we conclude, by plugging in 6 = 1, that 

a = o?. 

More precisely, we have the following characterization result. 

Lemma 2.2. Let (M, /i, a, 1) be a unital Hom-associative algebra. Then A = 
Ai © A 2 as algebras, where Ai is a unital associative algebra, and A 2 is a 
unital (not necessarily associative) algebra. Furthermore, a : A —> A is 
given by a{ai + 02 ) = oi. Conversely, for any unital associative algebra Ai 
and a unital (not necessarily associative) algebra A 2 , © A 2 is a unital 

Hom-associative algebra with a ■. Ai® A 2 —> Ai © A 2 being the projection 
onto Ai. 

Proof. It is shown in [13] that for a unital, Hom-associative algebra A, the 
map a : A —>■ A is given by the left multiplication : A —> A, a xa 
with a central element x E A. We then conclude, using the multiplicativity 
x{ab) = {xa){xb), that x^ = x. Letting y = 1 — x, we observe that y‘^ = y, 
that is y E A is also central, and A = Ax © Ay as algebras. We note 
that Ai := Ax and A 2 := Ay are both unital with units x E Ax and y E Ay 
respectively. Finally a-associativity of A implies the associativity of Hi, since 
for xa,xb,xc E Ai we have {xa){xbxc) = xa(bc) = a{a){bc) = {ab)a{c) = 
{ab)xc = {xaxb){xc), and a{xa-\-yb) = x{xa + yb) = xa, that is a ; H. —> A 
is the projection onto Hi. The converse statement, on the other hand, is 
straightforward. □ 

Example 2.3. Let H be an associative algebra, and a : A —)■ H an algebra 
endomorphism. Assume that = a. Let xicy = a{xy), so that (H, T*r, a) is a 
multiplicative Hom-associative algebra. Then as algebras (H, ■k,a) = K ® B 
where the multiplication on K is 0, the multiplication on B is associative, 
and the associativity endomorphism is the projection profs onto B. To see 
this we let K = her (a), so that K is an ideal of A, and let B = Im(Q!). Then 
as vector spaces A = K ® B and the associativity endomorphism is profs- 
Since K is an ideal, {k + b)-k {k' + b') = bb'. 
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Example 2.4. Let .4, be a two dimensional vector space over a field k with 
a basis {ei, 62 }. Let the multiplication n ■. A® A —> A be given by 

„ „ _ / ei, if (*,j) = ( 1 , 1 ) 

\ 62 if (*,j) 7 ^(l,l). 

Then via the map 

a : A —)■ A, a{ei) = ei — 62 , 0 ( 62 ) = 0 , 

the triple {A,^,a) is a Horn-associative algebra with the unit 1 := ei. 
Furthermore we have a‘^ = a. In view of the Lemma 12.21 we see that 

A = k{ei — 62 ) © ke2. 

We will need the notion of a bimodule over a Horn-associative algebra to 
serve as a coefficient space for the Hochschild homology and cohomology. 
Hence we recall it from [221 D^f. 1.5]. 

Definition 2.5. Let {A,fi,a) be a Hom-associative algebra. Then a linear 
space V equipped with ■: A® V —> V, a ® v a ■ v, and (3 : V —> V, is 
called a left A-module if the diagram 

A®A®V^^A®V 

o(g) • 

A®V —^--1/ 


is commutative, i.e., 

(ab) ■ (3{v) = a{a) ■ {b ■ v), (2.3) 

for any a,b E A and any v eV . 

Similarly, (H, (3) is called a right 4,-module if 

/3(u) • {ah) = {v ■ a) ■ a{h). 

Example 2.6. Any Hom-associative algebra (4,/i,a) is both a left and a 
right module over itself hy (3 = a, [26l Rk. 1.6]. 

In order for defining the cyclic cohomology theory for Hom-associative alge¬ 
bras, we shall need the cyclic invariant subcomplex of the Hochschild complex 
of 4, with coefficients in 4*. However, given a Hom-associative algebra 4, 
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the algebraic dual A* is not necessarily an ^-module via the coregular ac¬ 
tions, (a ■ f){b) = f{ha) or (/ ■ a){h) = f{ab), or their a-twisted versions 
(a • f){b) = f{ba{a)) or (/ • a){b) = f{a{a)b). Then one is forced either 
to restrict A* into a subspace, that we denote by A° below, which can be 
an ^-bimodule, or impose further conditions on A so that A* becomes an 
^-bimodule. In the former case we have the following. 

Lemma 2.7. Given a Horn-associative algebra (.A,/i,a), the pair (A,°,Id^*) 
where 

A° = {f eA* \ f{xa{y)) = f{a{xy)) = f{a{x)y)}, (2.4) 

is a left A-module via 

(a • f)ib) = f{ba{a)), 
for any a,b E A, and any f E A°. 

Proof. For a E A and f E A°, we verify hrst that a ■ f E A°. Indeed, 

a ■ fixa{y)) = f{{xa{y))a{a)) = f{a{x){a{y)a)) = f{a{x{a{y)a))) 

= f{a{x)a{a{y)a)) = f{a‘^{x){a{y)a)) 

= f{{a{x)a{y))a{a)) = a ■ f{a{xy)). 


Similarly, 

a ■ f{xa{y)) = f{a{xy)a{a)) = f{{xy)a{a)) = f{a{x){ya)) = f{a{x)a{ya)) 
= /(«^(a^)(2/a)) = f{{(^{x)y)a{a)) = a ■ f{a{x)y). 

As for the left module condition, we have 

(ab) ■ f{x) = f{xa{ab)) = f{a{x){ab)) = f{{xa)a{b)) = {b ■ f){a{xa)) 

= {b ■ f){xa‘^{a)) = a(a) ■ (b ■ f)(x). 


□ 

In the same fashion, A° is a right A-moduIe by (/ • a){b) = f{a{a)b). In 
comparison to A*, we note that in case A is unital, or is associative, then 

A° = A*. 

We shall also need the notion of a bimodule for the cohomological consider¬ 
ations. 


Definition 2.8. Let {A,^,a) be a Horn-associative algebra, and (V, (3) be a 
left and a right A-module. Then V is called an A-bimodule if 

a{a) ■ {v ■ b) = {a ■ v) ■ a{b) (2.5) 

for any a,b E A, and any v E V. 

Example 2.9. Any Horn-associative algebra {A,fi,a), the pair {A, a) is a 
bimodule over itself. 

Proposition 2.10. Given a Horn-associative algebra {A,fi,a), the subspace 
C A* is an A-bimodule. 

Proof. We have already seen that A° is a left and right .A-module. Let 
us show that the bimodule compatibility (12.51) is satisfied. Indeed, for any 
a,b,x E A, and any / E A°, 

a{a) ■ (/ ■ b){x) = f{a{b){xa‘^{a))) = f {a{b)a{xa'^{a))) = /(a^(5)(xa^(a))) 

= f{a^{b)a{xa^{a))) = f{a^{b){xa^{a))) = f{{a^{b)x)a^{a)) 
= f{a{a‘^{b)x)a'^{a)) = f{{a‘^{b)x)a{a)) = {{a ■ f) ■ a{b)){x). 

□ 

In order for A* to be an A.-bimodule, a second option is to impose fur¬ 
ther conditions on A. To this end, we need the following class of Horn- 
associative algebras. For a not necessarily multiplicative Horn-associative 
algebra (A., /i, a), we say a E End(A,) is an element of the centroid if 

a{x)y = xa{y) = a{xy), (2.6) 

for any x,y E A. We refer the reader to [19] for more information on the 
centroid of a ring, and [5] for the centroid of a Lie algebra in the concept 
of Horn-Lie algebras. We note that for any unital Horn-associative algebra 
{A, a), a E End(A.) is an element of the centroid. On the other hand, if for 
a Horn-associative algebra {A, a) the mapping a E End(A,) is an element of 
the centroid and a(l) = 1, then a = Id, and hence A is associative. 

Proposition 2.11. Let {A,fi,a) be a multiplicative Horn-associative algebra 
where a is an element of the centroid. Then {A*, a*) is an A-bimodule via 
the coregular actions. 
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Proof. Since a is an element of the centroid we have 


((aa') • a*{f)){b) = a*{f){b{aa')) = f{a{b{aa'))) = f{a{b){aa')) 

= /((H«(«')) = f{aiba)a') = f{{ba{a))a') 

= {a' ■ f){ba{a)) = (a(a) ■ (a' ■ /))(&), 

that is {A*, a*) is a left ^-module. Similarly 

{a*{f){ab)){x) = a*{f){{ab)x) = f{a{ab)x) = f{aa{b)x) 

= if ■ a){a{b)x) = ((/ • a) ■ a(b))(x), 

proving that {A*, a*) is a right ^-module. We next observe that A* is an 
^-bimodule. Indeed, 

(a(a) • (/ ■ b)){c) = (/ • b)(ca(a)) = f(b(ca(a))) = f(b(a(ca)) 

= f(a(b)(ca)) = f((bc)a(a)) = f(a(bc)a) 

= f{{a{b)c)a) = (a • f){a{b)c) = ((a • /) • a{b)){c). 


□ 

It turns out that the Horn-associative algebras whose a is an element of the 
centroid can be characterized by being embeddable into unital ones. 

Proposition 2.12. Let {A,fi,a) be a Horn-associative algebra. The map 
a G End(.4,) is an element of the centroid if and only if A can be embedded 
into a unital Horn-associative algebra. 

Proof. If A can be embedded into a unital Horn-associative algebra, then by 
[13] the equation fl2.6p holds. 

Conversely, assuming the equation fl2.6p . we let B = k[a\® A with multi¬ 
plication (p(a) -|- a){q{a) b) = p{a)q{a) -|- (g(a)(a) -\- p{a){b) -|- ab), where 
q{a){a) is the element of A obtained by interpreting a G k[a] as the linear 
endomorphism a that is part of the Horn-associative algebra structure of A. 
Dehne by setting = a and (3\k[a] = fna, the multiplication by a. 

Note that fl2.6p implies that aa^{ab) = a{a)a^{b) = a^{a)a{b) for /c > 0 and 
so as{a){ab) = a{a){s{a){b)) = {s{a){a))a{b). With this in mind we check 
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that 


(3{p{a) + a)((g(a) + b){s{a) + c)) 

= {a{p{a)) + a{a)){q{a)s{a) + q{a){c) + s{a){b) + be) 

= ap{a)q{a)s{a) + {ap{a)){q{a){c)) + (ap(a))(s(a)(6)) + {ap{a)){bc) 

+ (g(a)s(a))(a(a)) + a(a)(g(a)(c)) + a(a)(s(a)(6)) + a{a){bc) 

= p{a)q{a)as{a) + a!s(Q!)(q'(Q!)(a)) + Q!s(Q!)(p(a)(6)) + as{a){ab) 

+ (p(«)?(«))(«(c)) + (g(Q!)(a))a(c) + {p{a){b))a{c) + (ab)a(c) 

= (p(a)q(a) + q{a){a) + p(a)(6) + ab){as{a) + a(c)) 

= ((p(q;) + a)(g(a) + b))/3{s{a) + c). 

Hence, (;B, p, f3) is a unital Horn-associative algebra with a subalgebra A. □ 

Furthermore, the following observation characterizes the multiplicativity of 
the Horn-associative algebra B. 

Lemma 2.13. Let B be as in Proposition \2.1^ Then B is multiplicative if 
and only if = a on A. 

We unify the above two approaches to the problem of the representation of 
a Horn-associative algebra A on A* in the following manner. 

Definition 2.14. Let {A, a) be a Horn-associative algebra. A vector space 
V is called a dual left A-module if there are linear maps A® V —)■ V, 
and (3 : V —> V where 

a ■ {a{b) ■ v) = /3{{ab) ■ v). (2.7) 

Similarly, V is called a dual right .A-module if n • (a(a)) ■ & = (3{v ■ (ab)). 
Finally, we call V a dual A,-bimodule if a{a) ■ {v ■ b) = [a ■ v) ■ a{b). 

The definition is just another Horn-associative generalization of the notion 
of bimodule. In case A is associative, the above definition coincides with the 
dehnition of a bimodule over an associative algebra. 

The next observation justihes our choice of dual module being one which is 
compatible with A* as a coefficient space, rather than A. In this language 
the definition [26l Def. 1.5] of module over a Horn-associative algebra is 
one which is compatible with A, which served as the coefficient space in the 
Hochschild cohomology theory of [3]. 
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Lemma 2.15. Let {A, a) be a Hom-assoeiative algebra, and (V,/3) an A- 
bimodule. Then the algebraic dual V* is a dual A-bimodule. 

Proof. We first note that 

(a • {a{b) ■ f)){v) = f{{v • a) ■ a(b)) = f((/3(v) ■ ab) 

= (M) • = /3{{ab) ■ f){v). 

Therefore V* is a dual left .4,-module. That it is a dual right ^.-module, as 
well as a dual 4.-bimodule is similar. □ 

We conclude this subsection recalling from |23] the morphisms of Horn- 
associative algebras. Let {A, and {B, ajs) be two Horn-associative alge¬ 
bras. Then a linear map / : {A, —> {B, a^) is called a morphism of Horn- 

associative algebras if it is an algebra morphism and /(ayi(x)) = aeifix)) 
for x,y E A. 

3 Homology of Horn-associative algebras 

In this section we introduce Hochschild, cyclic and periodic cyclic homologies 
for Horn-associative algebras. We hrst dehne Hochschild homology of a Horn- 
associative algebra A with coefficients in an 4.-bimodule. Then, using A itself 
as the coefficient space via [26l Rk. 1.6], we dehne the cyclic homology of A 
via the cyclic coinvariant of the Hochschild complex of A. 

3.1 Hochschild homology of a Horn-associative algebra 

In this subsection we dehne the Hochschild homology of a Horn-associative 
algebra with coefficients in an 4.-bimodule. 

Theorem 3.1. Let {A,fi,a) be a Horn-associative algebra, and (V, (3) be an 
A-bimodule such that 

(3{v ■ a) = /3(f) • a{a) and (3{a ■ v) = a{a) ■ (3{v). 

Then 

C^om^A, R) = 0 C^°'"{A, V), C^°^{A, R) := R 0.4®”, 

n>0 


12 


with the face maps 


® Oi (g) • • • ® a„) = V ■ ai<^ 0 ( 02 ) (8) • • • <8 a(a„) 

Si{v 0 ai 8) • • • (8) ttn) = P{v) 0 a{ai) • • • 0 OjOj+i 0 • • • 0 a{an), I < i < n — 1 
hn{v 0 ai 0 • • • 0 a„) = an-v® a{ai) 0 • • • 0 a(a„_i) 

is a presimplicial module. 

Proof. We will show that 5i5j = for 0 < i < j < tt, [221 Def. 1.0.6]. The 
equality S 060 = (5o(5i follows at once from the right 8l-module compatibility 
(3{v) ■ ( 0102 ) = {v ■ oi) • 0 ( 02 ). We next observe that 6 oSj = Sj-i6o for j > 1. 
Indeed, 


So 6 j{v 0 ai 0 • • • 0 a„) 

= So{l3{v) 0 a{ai) 0 • • • 0 ajOj+i 0 • • • 0 a(an)) 

= /3(v) ■ a(ai) 0 0 ^( 02 ) 0 • • • 0 a(ajaj+i) 0 • • • 0 a^(a„) 

= /9(n • ai) 0 0 ^( 02 ) 0 • • • 0 a(aj)a(aj+i) 0 • • • 0 a^(an) 

= 5j_i(n • ai 0 0 ( 02 ) 0 • • • 0 a(an)) 

= Sj_iSo(v 0 ai 0 • • • 0 Oji). 

The equality follows similarly. Let us hnally show that S^dn = 

dn-ido- We have, 


dodn(v 0 oi 0 • • • 0 a„) 

= do(an ■ V 0 a(ai) 0 • • • 0 a(a„_i)) 

= {an ■ v) ■ a{ai) 0 Q!^(a 2 ) 0 • • • 0 Q!^(a„_i) 
= a{an) ■ {v ■ ai) 0 0 ^( 02 ) 0 • • • 0 Q!^(a„_i) 
= 5n-i{v ■ oi 0 a;(a2) 0 • • • 0 a{an)) 

= 6n-l5o{v 0 ai 0 • • • 0 On). 


□ 
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As a result V), b) becomes a differential complex with 

n 

b = : C«-^{A, V) C„"7(A V), 

1=0 

fo(u 0 oi (g) • • • 0 a„) = u • ai 0 0 ( 02 ) 0 • • • 0 a{an) 

n—1 

+ ^(-l)*/5(u) 0 a{ai) 0 • • • 0 ttitti+i 0 • • • 0 a{an) 
i=l 

+ (-l)"'an • V 0 a{ai) 0 • • • 0 a(a„_i). 

We denote the homology of the complex {C^°"^{A,V),b) by H^°'^{A,V) 
and call it the Hochschild homology of the Horn-associative algebra A with 
coefficients in the ^-bimodule V. 

Example 3.2. If the Horn-associative algebra {A, a) is associative, i.e., a = 
Id, then H^°"^{A, V) is the ordinary Hochschild homology of an associative 
algebra. 

Example 3.3. If .4, is a Horn-associative algebra and M an 4.-bimodule, 
then 

Ho{A,M) = 

Example 3.4. Let A be the Horn-associative algebra in Example 12.41 Then 
HHi{A) = Hi{A,A) is one dimensional. 

Remark 3.5. Let A be an associative algebra with the multiplication map 
fi : A —> A, and a G End(A). Then for Aa = A, and the multiplication 

fia = a o ■ A A —> A, the triple {Aa, fJ^a ,«) is a multiplicative Horn- 
associative algebra, [51]. It is easy to see that 

{C^'^'^iAa, = (^(A, A),ad = da) 

as complexes, where the latter is the usual Hochschild homology complex of 
the associative algebra A with the modified differential, via composition with 
a which acts on by a{ai 0 • • • 0 an) = a{ai) 0 • • • 0 a{an). 

An immediate consequence is the following lemma. 

Lemma 3.6. Let Aa be the Horn-associative algebra of Remark VJ. 5\ such that 
a G End(Ao) is an isomorphism. Then, 

HH^'^^iAa) = HH,{A). 
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Proof. The claim follows from the observation that ii a \ A —)■ A is an 
isomorphism, then keT{ad) = ker((i) and Im(da) = Im((i). □ 

Furthermore, it follows from [HI Corol. 8] (see also [16]) that any multiplica¬ 
tive Horn-associative algebra (^, a) such that a G End(^) is an isomorphism, 
is of the form Aa for the associative algebra ° p)- As a result, we 

conclude the following reduction of the Hom-Hochschild homology of A to 
the Hochschild homology of A. 

Corollary 3.7. If {A,fi,a) is a multiplicative Horn-associative algebra such 
that a : A —> A is an isomorphism, then 

HH^°^{A) = HH^A), 

where A is the associative algebra {A, a~^ o p). 

Remark 3.8. For associative algebras, it is known that the Hochschild ho¬ 
mology of direct sum algebras is a direct sum of Hochschild homologies; 
more precisely, we have HHn{Ai © A 2 ) = HHn{Ai) © HHn{A 2 ). However 
a quick calculation shows that this is not the case for Horn-associative alge¬ 
bras even in the very special case of a unital multiplicative Horn-associative 
algebra. Let us recall Example 12.41 i.e., A = /c(ei — 62 ) © ke 2 = /ci © /c 2 
with a = projk.^. Thus A = ki (B k 2 with ai = Id and 02 = 0. We have 
HHf^°^(ki) = HHi{ki) and the latter vanishes except for HHo{ki) = k. On 
the other hand HHf^°'^{k 2 ) = k for all i. We observe that we have a direct 
sum decomposition of complexes 

where consists of tensors with at most two from ^2 and consists of 
tensors with at least three from /c 2 - We remark that the differential on is 
identically zero. This shows that in the higher degrees HH^°'^{A) is much 
larger than HHf°^{ki) © HHf°^{k 2 ) = k. 

3.2 Cyclic homology of a Horn-associative algebra 

In this subsection we introduce cyclic homology for Horn-associative algebras 
through two different but equivalent methods. 
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3.2.1 Cyclic homology as a cokernel 

We construct the cyclic homology of a Horn-associative algebra A out of the 
Hochschild homology of A with coefficients in A by factoring out the cyclic 
group action. Let us denote the Hochschild complex Cf°^(A, A) simply by 
C^°"^(A). We note that in this case we have 

n—1 

b(ao (E) ■ ■ ■ (S> an) ='^(-iya(ao) (S> ■ ■ ■ ^ OiOi+i (g> ■ ■ ■ (g) a(an) 
i=o 

+ a„ao <E a(ai) E ■ ■ ■ E a(a„_i). 

Given a Horn-associative algebra (.4., /i, a) we dehne the action of the cyclic 
group Tjjin -|- 1)Z on as in [22l Subsect. 2.1.10]: 

^n(ao G • • • G) a„) = (-l)”a„ G) Oq <8 • • • <8 a„_i, (3.2) 

and obtain the cokernel C^°^’^{A) = C^°'^{A)/ild—t). Next we let 

b' : C^AT^A) 

be dehned by 

n—1 

b'{aQ 0 - ■ - Ean) = ^(-l)'a(ao) 0 a(ai) 0 - ■ - 0 ajOi+i 0 - ■ - 0 a(a„). (3.3) 

i=0 

For simplicity we set tn = t. 

Lemma 3.9. The operators fl3.1l) . fl3.3l) and fl3.2p satisfy the equality 

{ld-tn-i)b' = 6(Id -tn). 

Proof. We hrst observe that Sot = (—1)"(5„. Indeed, 

Sotn{ao 0 ■ ■■ 0an) = (-l)”(5o(an 0ao0 - ■■ 0 a„_i) 

= (-l)”a„ao 0 a{ai) 0 ■ ■■ 0 a(a„_i) 

= (-l)”(5„(ao 0---0 On). 

We next observe that hjfn = —for 0 < i < n. Indeed, 

Sitni^^Q 0 ' ' ' 0 an) ( 1) Sii^an 0 Uq 0 ' ' ' 0 an—\) 

= (-l)"'a(a„) 0 a(ao) 0 ■■ - 0 aj.ia, 0 ■ - -E a(a„_i) 

= -(-l)”"H„_i(a(ao) 0 - ■■ 0 ai-iai 0 ■■ - 0 a(a„)) 
tn—lSi—]_(^aQ 0 ' ' ' 0 an). 

□ 


16 





As a result b : C^‘^{A) —)■ C^°^{A) is well-defined on C^'^'^{A) / Im(Id —t), 
and hence {C^°^’^{A),b) is a differential complex. We call the homology of 
the complex 


C Hom^X 
0 


(^) ^ 


^Hom,X 


(^) ^ 


^Hom,X 

^2 


(^) ^ 


^Hom,X 

^3 




the cyclic homology of the Horn-associative algebra A, and we denote it by 
HC^'^’^iA). 


Example 3.10. If the Horn-associative algebra {A, a) is associative, i.e. 
a = Id, then HCf°'^'^{A) is the ordinary cyclic homology of an associative 
algebra. 


Example 3.11. For any multiplicative Horn-associative algebra A we have 

HC„{A) = HH„(A) = 1 ^, 

Example 3.12. For the Horn-associative algebra A of Example 12.41 we have 

= 0 . 

Indeed, we note that = (ei ® 62 ), and that 6 (ei ® ei ( 8 ) 62 ) = 

-2ei (g) 62. 


3.2.2 The cyclic bicomplex for Horn-associative algebras 

We recall that the cyclic homology of a (not necessarily unital) associative 
algebra A can also be dehned as the total homology of a bicomplex [ 22 l [29]. 
We will now take a similar bicomplex approach to the cyclic homology for a 
Horn-associative algebra. We let 

N ■.= l + tn + tl + ... + tl-. C^^{A) C^°^{A) (3.4) 

and the following lemma follows from the proof of Lemma 13.91 

Lemma 3.13. The operators fl3.1l) . fl3.3l) and fl3.4p satisfy the equality 

b'N = Nb. 
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As a result, we have the bicomplex CCpJ^{A) := as follows: 


^(g)3 ^|g,3 ^ N ^^3 M -t3 


^(gi2 ^ ^ ^(g>2 -t2 

b -b' b 

A ^ A ^ A ^ ... 

Let us denote the total homology of this bicomplex by HC^°'^{A). For more 
details of the total homology of a bicomplex (double complex) we refer the 
reader to [30]. Our task now is to show that this homology is the cyclic 
homology of the Horn-associative algebra A. 

Proposition 3.14. For any Horn-associative algebra A over a field k con¬ 
taining the rational numbers, we have HCfi°^{A) = HCfi°^’^{A). 

Proof. We first observe that the rows of the bicomplex CCpf^{A) are acyclic. 
Indeed, letting 9 := ld-|-tn -|- nf^, we obtain at once that N -\- 

6{ld—tn) = {n-\- 1) Id, and hence the operators (1/n -|- 1) Id : —y 

^^n+i -|- 1)9 : —y homotopy 


A^ 


n+1 ^ AS()n.A-^ N 


■ ”■+! 


. ”■+! 



\ Id 


n+1 

n+1 

n+1 

Id 

Id 

Id 


Id —tj 


■A^ 


n+1 


N 




Id —t. 


Id 

j^^n+1 


on the rows of the bicomplex fl3.5p from Id : — > j\®n+i g . 

j^®n+i —^ As a result of the acyclicity of the rows, we obtain 

1 ^ f 0, if p > 0 

^p,q if p = 0 

on the F'^-page of the spectral sequence associated to the hltration of the 
bicomplex fl3.5p via columns. Therefore 



0 , 

TFrHom,X 


if p > 0 
if p = 0. 
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Thus the claim follows since the spectral sequence degenerates at this level. 

□ 


One can extend the bicomplex (13.51) to 


^(g)3 M -t2 
b 

_ _ _ ^(g> 2 -ti 
b 

The homology of the total complex of this bicomplex is called the peri¬ 
odic cyclic homology of the Horn-associative algebra A, and is denoted by 
H Just as in the associative case, we have only two periodic cyclic 
groups, the even HP^‘’'^{A), and the odd HP^°^{A). 

Remark 3.15. The cyclic homology of a non-unital Horn-associative algebra 
A can not be computed by the Connes’ (R, 6)-bicomplex [22], as the operator 
B requires the unit. If, however, A is unital, then we can dehne a cyclic 
module structure on C^°'^{A) by the faces 

: C^°^{A) 0 < i < n 

(5j(ao ® ■■ ■®an) = a{ao) ® ■ ■■ ® ajOj+i ® ■ ■■ ® a(a„), 0 <i < n 

Jn(ao ® ■ ■■ ® an) = antto ® a{ai) ® - ^ a{an-i), 

the degeneracies 

C^^^iA) C^:^{A), 0<z<n 

aj{ao ® ■ ■ ■ ® ttn) = ao ® ■■■ ® ttj ® 1 ® a^+i ® ■■■ ® an, 


^ ^ ^0 3 -fa 


^02 ^ ^ ^02 -ti 

-V 


A ^ A 


(3,6) 


and the cyclic operator 

tn : C^°^{A) C^°^{A), 

tn{ao ® ■ ■ ■ 0 an) = an ® ao ® ■ ■ ■ 0 a„_i. 
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and hence we can associate a (6, i?)-biconiplex as follows 


b b 

C^°^{A) C^°^{A) 

b 

C^°^{A) 

where B = {1 — \)sN, and s = r„+icr„ : C„ —)■ Cn+i- We note that the total 
homology of the (6, i?)-bicomplex is the same as the homology of the cyclic 
bicomplex 03.51) . 

We conclude this subsection by a short note on the functoriality of the Horn- 
associative extensions of the Hochschild and the cyclic homology theories. 

Proposition 3.16. Let {A, aj\) and {B, as) he two Horn-associative algebras. 
Then a morphism f : A — > B of Horn-associative algebras induces the maps 

f ; HH^°^{A) HH^°^{B), f : HC^°^{A) HC^°^{B), 

given by qq® ■■■ ® On ^ /(oo) <8 • • • ® /(««)■ Furthermore if A and B are 
isomorphic as Horn-associative algebras then HHff°^{A) = HHff°'^{B) and 
HC^°^{A) = HCff°^{B). 

Proof. The claim follows from the fact that the induced maps commutes with 
the Hochschild boundary map, and that they respect the cyclic group action 
on the Hochschild complex. □ 


4 Cohomology of Horn-associative algebras 

In this section we dehne the Hochschild and cyclic cohomologies of Horn- 
associative algebras. 
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4.1 Hochschild cohomology of a Horn-associative 
algebra 

In this subsection we introduce the Hochschild cohomology of a Horn-associative 
algebra A with coefficients in a dual .4,-bimodule. 

Theorem 4.1. Let {A, a) be a Horn-associative algebra and (V, (3) be a dual 
A-bimodule. Let V) be the space of all k-linear maps ip : 4,®” —> 

V. Then 

Ch^(A,V) ^ ^C"f,UAV), 

n>0 

with the operators 

(5oV5(ai ® • • • <8 an+i) = ai • (^( 0 ( 02 ) <8 • • • ® a(an+i)) 

6ip>{ai (g) • • • (g) On+i) = /9((^(a(ai) (g) • • • <8 aiOj+i (g) • • • <8 a(a„+i))), 1 <i <n 

(5n+i</?(ai 0 • • • (g) On+i) = (p{a{ai) 0 • • • 0 a{an)) ■ a^+i 

(4.1) 


is a pre-cosimplicial module. 

Proof. We show that 6 iSj = SjSi-i for 0 < j < i < n — 1. Let us first show 
that (5i(5o = S 060 . Indeed, 

(5o((5oV3)(ai 0 • • • 0 0 ^+ 2 ) = ai • 6o(p{a{a2) 0 • • • 0 a(a„+2)) 

= oi • ( 0 ( 02 ) • (^( 0 ^( 03 ) 0 • • • 0 a^(a„+ 2 ))) 

= f3{{aia2) ■ <^( 0 ^( 03 ) 0 • • • 0 a^(a„+ 2 ))) 

= l3{do(p{aia2 0 0 ( 03 ) 0 • • • 0 a(a„+ 2 ))) 

= 5150^^(01 0 • • • 0 an+2)- 

We used the left dual module property in the third equality. One can similarly 
use the right dual module property to show that Sn+An = dnSn- The following 
demonstrates that (5„+i(5o = do 6 n. We have 

6n+Aoip{ai 0 • • • 0 0 ^+ 2 ) = Soip{a{ai) 0 • • • 0 Q!(a„+i)) • a„+2 

= ( 0 ( 01 ) • </?(Q!^(a2) 0 • • • 0 Q!^(a„+i))) • an+2 
= ai ■ (v9(a^(a2) 0 • • • 0 a^(a„+i)) • a(an+2)) 

= oi • Sn(p{a(a2) 0 • • • 0 a{an+2)) 

= 6o6n(p{ai 0 • • • 0 a„+2)- 
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The relation j follows from the Hom-associativity of A. The rest 

of the relations are similar. □ 


The cohomology of the complex is called the Hochschild 

cohomology of the Horn-associative algebra A with coefficients in a dual A- 
bimodule V, and is denoted by V). 

In particular, if V is an ^-bimodule, then H*), 6) is a differential 

complex with 

bip{ai (g) • • • ® ttn+i) = 0,1 ■ ^{a{a2) (g) • • • 0 Q!(a„+i)) 

n 

+ ^(-l)V(«(oi) <g> • • • <g) OiQi+i (g) • • • (g a{an+i)) 

i=l 

+ (p{a{ai) (g) • • • (g) a{an)) ■ On+i- 
Moreover, we have the following result. 

Proposition 4.2. For any Horn-associative algebra {A,fi,a), we have 

H^-{A,Ar = H-,^{A,A*). 

Proof. The claim follows at once by observing that the isomorphisms 
Hom(M (g M®”, k) = Hom(M®”, Hom(M, k)) 
are compatible with the differentials when M = A. In fact the diagram 

C1,„JA, A’) €■"""( A, AY 



CXL(A,A-)-f~CSlT(A,Ar 

is commutative where / : Cfj^{A, A*) —)■ Cn°"^{A,A)* is given by 
f{(p){ao g • • • g On) = (p{ai g • • • g an)(ao). 


□ 
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4.2 Cyclic cohomology of a Horn-associative algebra 

In this subsection we introduce the cyclic cohomology for Horn-associative 
algebras via two different but equivalent methods. 

4.2.1 Cyclic cohomology as a kernel 

In this subsection we generalize the cyclic cohomology to the setting of Horn- 
associative algebras along the lines of |T3] . Recalling that H = .4, is naturally 
an 4.-bimodule, we will consider the Hochschild cohomology of A with coef¬ 
ficients in the dual 4,-bimodule A*. Identifying Lp G C'"'(4,4*) with 

0 ; ^ ( 8 ) Oi ( 8 ) • • • < 8 ) a„) := (p{ai < 8 ) • • • < 8 ) a„)(ao), 

the coboundary map corresponds to 

b-.C'^iA^A*) ^C^^\A,A*), 

b(p{ao (8) • • • ® ttn+i) = 0(aoai <H) 0 ( 02 ) (8) • • • 8) a(a„+i)) 

n 

+ ^(-l)V(a(ao) <8) • • • (8) ajUj+i 8 • • • <8) a(a„+i)) 
i=i 

-F (-l)"+V(an+iao <8) a(ai) 8 • • • 8 a{an)). 

Moreover, the pre-cosimplicial structure is translated into 
6o(j){ao 8 • • • 8 a„) = (j){aoai 8 a{a2) 8 • • • 8 a{an)) 

6i(j){ao 8 • • • 8 a„) = (j){a{ao) 8 • • • 8 ajOj+i 8 • • • 8 a{an)), I < i < n — 1 
6n<Piao 8 • • • 8 a„) = 0(a„ao 8 a;(ai) 8 • • • 8 a(a„)). 

These maps are dual to the ones for C^°^{A, A). We define 

tn:C-omiAA*)^C-om{AA*) 

tnfpiao 8 ai 8 • • • 8 On) := (-l)"'0(an 8 oq 8 oi 8 • • • 8 a„_i), (4.2) 

and we set 

ClHom{A,A*) = ker(Id-f„) 

= {(/)€ C^^iA, A*) I (j){ao 8 oi 8 • • • 8 a„) 

= (-l)”0(a„ 8 ao 8 • • • 8 a„-i)}. 

The following lemma shows that Hom{A, A*) is a subcomplex of the Hochschild 
complex ^HomiA, A*). 
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Lemma 4.3. If (j) ^ 

Proof. We will show that 

^i—Pn—1: 1 ^ ^ ^ ^n* 

First we check that 

tn6o(j){ao (g) ■■■ 0 On) = So(j){an 0 ao0 ■■ - 0 fln-l) 

= 0(a„ao 0 a{ai) 0 ■ ■■0 a(a„_i)) 

= 6n4>{ao 0 ■ ■■ 0 On), 

and next we observe that 

tn+lSi(j){ao 0 ■ ■■0 On+l) = Si(j){an +1 0 ttQ 0 ' ' ' 0 ttn) 

= 4>{a{an+i) 0 a{ao) 0 ■ ■■ 0 aj.iOj 0 ■■ - 0 a(an)) 
= -tn<f(a(ao) 0 ■ ■ ■ 0 0 ■ ■■0 a{an+i)) 

= -5i_i{tnip){ao 0---0 ttn+l). 


□ 

We call the homology of the complex {C^ the cyclic cohomology 

of the Horn-associative algebra A, and we denote it by HC*^^y^{A). 

4.2.2 The cocyclic bicomplex for Horn-associative algebras 

In this subsection we dualize the bicomplex fl3.5l) to obtain a similar bicom¬ 
plex whose total homology is the cyclic cohomology of a Horn-associative 
algebra A. 

Similar to the homology case, we set 

n—1 

h'{ip){ao 0---0 On+i) = ^(-l)V(«(ao) 0---0 aiOi+i 0---0 a{an)), 

i=0 

(4.3) 

and 

AT ;= Id + ... + t- : Cl^{A) (4.4) 
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Lemma 4.4. The operators (\A.2\ . fl4.3p and (\AA\ satisfy the identities 
(Id -tn+i)b = b'{ld -tn), (Id -tn)N = iV(Id -tn) = 0, and Mb' = bN. 
Consequently, we have the bicomplex 

•= {0 • —)■ k \ (p is linear} 

as follows. Letting C"^ := CCfjl^{A), 


q2 q2 ^ ^ q2 




-b' 


qO Id M ^ Id 


(4.5) 


We denote the total cohomology of the bicomplex fl4.5p by HC^^^{A). By 
the next proposition we show that the total cohomology is the same as the 
cyclic cohomology of the Horn-associative algebra A. 


Proposition 4.5. For any Horn-associative algebra A over a field k contain¬ 
ing the rational numbers, ^{A) = HCfi^^{A). 


Proof. A similar argument as in the proof of Proposition 13.141 yields the 
acyclicity of the rows of the bicomplex fl4.5p . Thus, considering the spectral 
sequence associated to the hltration of the bicomplex fl4.5p via columns, we 
obtain 

1 ^ f 0, if p > 0 
I if p = 0 

on the i?^-page. Therefore 



0 , 


if p > 0 
if p = 0. 


Then the claim follows since the spectral sequence degenerates at this level. 

□ 
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In order to define the periodic cyclic cohomology we extend the bicomplex 
to 


(j2 Id -t2^ ^2 ^ ^ q2 Id 

b -V b 

Id ^ ^ Id 

b -b' b 

. QO Id —tp^ qQ ^ ^ qO Id — tp^ 

and we call the homology of the total complex of the ex¬ 

tended bicomplex the periodic cyclic cohomology of the multiplicative Horn- 
associative algebra A, and we denote it by HP^^^{A). Just as the periodic 
cyclic homology, there are only two periodic cohomology groups, the even 
HPnomi^) and the odd HP}j^^{A). 

Remark 4.6. Similar to the homology case, the Connes’ {B, 6)-bicomplex 
can not be dehned for non-unital Horn-associative algebras. However, if 
{A, p, a) is a unital Horn-associative algebra, via the cofaces 

St : (.4), 0 < i < n + 1 

5iip{aQ ® ttn+i) = (p{a{ao) ® ■ ajOj+i 0 • • • (g) a{an+i)), 0 <i < n 

6n+i(p{ao 0 • • • 0 ttn+i) = (p{an+iao 0 • • • 0 «(ai) 0 • • • 0 a(a„)), 

the CO degeneracies, 

a, : C'^HomiA) C--oLiA), 0<t<n-l 

CTj^piao 0 • • • 0 a„) = (p(ao 0 • • • 0 0 1 0 a^+i 0 • • • 0 a„), 

and the cyclic maps 

tn '■ C^^^{A) )■ C'^^{A), 

tn^{ao 0 • • • 0 a„) = ip{an 0 Oq 0 • • • 0 a„_i), 

we obtain a cocyclic module structure [22], via which we dehne the {B,b)- 
bicomplex. 
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As for the functoriality of the cyclic cohomology for Horn-associative algebras, 
we have the following. The proof is similar to the case of homology, and hence 
is omitted. 


Proposition 4.7. Let (.4,0^) and he two Horn-associative algebras. 

Then a morphism f : A —?■ B of Horn-associative algebras induces the maps 

f ■■ HH-^JA) HHI^{B), r : HC-,^{A) HC-^JB), 

given by ao ® ■■■ ® an ^ /(oo) ® • • • <8 f{an). Furthermore if A and B are 
isomorphic as Horn-associative algebras then HHfj^{A) = HHfj^iB) and 

We conclude this subsection by the following examples to illustrate the ele¬ 
mentary computations on cyclic cohomology. 

Example 4.8. Let {A,fi,a) be a Horn-associative algebra. Then 

H^h^^{A,A*) = HC^h,^{A). 

More precisely, the cyclic (or Hochschild) 0-cocycles of A are traces on A, 
i.e. /c-linear maps ip : A —> k such that p>{xy) = (p{yx), for all x,y E A. 

Example 4.9. Let {A,fi,a) be a Horn-associative algebra. Then the cyclic 
1-cocycles tp ■. A® A —> k are the Hochschild 1-cocycles 

ip{xy ® (y{z)) — ip{a{x) ® yz) + ip{zx ® a(y)) = 0, 


which are cyclic 


for all x,y,z E A. 


(p{x ®y) = -(p{y ® x), 


On the next example we discuss how to construct a cyclic 1-cocycle out of a 
cyclic 0-cocyle and an a-derivation. 

Example 4.10. Let {A,fi,a) be a multiplicative Horn-associative algebra, 
p ; A —)■ A a twisted a-derivation, i.e. p{ab) = p{a)b -\- ap{b), where ap = 
pa = p. 

Let also tr : A — > k he a. trace map, i.e. tr{ab) = tr{ha) and tr{p{a)) = 0. 
We will show that the map 


(p '. A® A —y k, ip{a, b) = tr{ap{h)) 
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is a cyclic 1-cocycle. We first show that yj is a Hochshcild 1-cocycle. Indeed, 

(p{ab, a(c)) — (p{a{a), be) + (p{ca, a{b)) 

= tr{abp{a{c))) — tr{a{a)p{bc)) + tr{cap{a{b))) 

= tr{abp{a{c))) — tr{a{a)p{b)c)) 

= —tr{a{a)bp{c)) + tr{cap{a{b))) = 0. 


On the other hand, 

^{a,b) = tr{ap{b)) = tr{p{ab) — bp{a)) = —tr{bp{a)) = —p{b,a), 
hence (p is cyclic. 

The hnal example is about the relation between the cyclic homologies of an 
associative algebra, and a Hom-asoociative algebra attached to it. 

Example 4.11. Let A be an associative algebra and a : A —)■ A be an 
algebra map where = a. We then have the non-unital Horn-associative 
algebra {Aa,Pa,<^) of Example 12.11 
Letting A \= A^, dehne the map 

(4.6) 


where 

</?a(ao ® ® ttn) = <yc(a(ao) ® ■ ■■ ® Q;(a„)). 

Then it follows from 


® ■■■ ® an) = ^(^(a(ao) ® ® a{aiai+i) (g) • • • (8) a{an)) 

= (p(a^(ao) <8) • • • <8 Q;^(ai)a^(aj+i) 8) • • • 8) a;^(a„)) 

= p{a{ao) 8 ) • • • ® a{ai)a{ai+i) 8 • • • ® a{an)) 

= {Siip){a{ao) 8 • • • 8 a{an)) 

= ^6iip{ao 0---0an) 

that the map fl4.6p commutes with the coboundary map of the Hochschild 
complex A*), and hence induces a map 


H*(A,A*) 





We note similarly that 


(faido (8) • • • <8) a„) = ip{a{ao) <8) • • • (8) a(a„)) 

= (-l)”9?(Q!(a„) 0 a(ao) 0 • • • 0 Q!(a„_i)) 
( 1 ) 0 CLq 0***0 


that is, fl4.6p induces a map 

HC*{A) 

on the level of cyclic cohomologies. 
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